The Dirac delta is not in L”

1 Lemma. For each € € (0, %) there exzists a function p. € C2°((0,2)) such that:
(i) (1) =1

(ii) supp e = Be(1)

(111) |lpellg < 1 for all g € [1, 0]

Proof. Let

R—R
p: exp(—z7 1) x>0
X —
0 ,r <0
We inductively see that exp(—-~1) is infinitely-often differentiable in R, and for any n € Ny we have

dn

dx™

exp(—2~") = exp(—z " )p(a~)

for a certain polynomial p € R[X] (use the chain rule). Hence, Calculus tells us that

. —1y _ 1: _
Jim ——exp(—a ") = Jim, exp(—y)p(y) =0

and we conclude that ¢ € C*°(R).
Now let

rz—1

e = (x> exp(l)-z)opo(zi—1—a?)o(x— )0,2)

which is in C*°((0,2)) as a composition of infinitely-often differentiable functions.
Note that

pe(1) = exp(l) - (1) =1
which shows (i). And from

SOE(x) =0

<:>((a?»—>1—x2)o(x»—>

r—1

< | >1

S g_fBe(l)

we see that (i) holds, and by taking the closure it follows that ¢, € C2°((0,2)) for € € (0, 3).
It is trivial to see that |||/ = 1, hence for any ¢ € [1, 00) we have

(i4) 1+e
Jlodan @ [ p it < 2l <1

1—e¢
(and the integral exists since the integrand is measurable and non-negative) and (iii) holds.

2 Remark. In particular, . € L%((0,2)) for all ¢ € [1, 0.

3 Theorem. Let p € [1,00]. Then there exists no h € LP((0,2)) such that

/ heg-d\ =p(1) Ve CX((0,2)
(0,2)



Proof. Assume there is an h € LP((0,2)) with the property above.
Let g be the conjugate of p. Further, let ¢, as in the lemma. Then we have

L= [ee(1)]

-y / hpe dA!] < / 1] o] dAL = / s, el dA!
< hlswlly - lleells < 1rls

1

= (/|h135(1)|pd>\1>p =20

(note the use of Holder’s inequality; the limit follows from the dominated convergence theorem which is appli-
cable as

0 <= [hlp [P < |nJ?

and |h|P is integrable since h € LP((0,2)).) Contradiction! O



