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Let H � 0 be a Hilbert space. We denote by BpHq and
KpHq the algebra of bounded respective compact op-
erators on H and by BfinpHq the subspace of operator
of finite rank. We write � if two spaces are isomet-
rically isomorphic. The space of bounded sequences
with index set J is denoted by l8pJq, its (closed) sub-
space of zero sequences by c0pJq and the subspace of
sequences with finite support by cfinpJq. The space of
(square) summable sequences is written as l2pJq and
l1pJq, respectively.

1 Introduction

Recall that we have the following hierarchy classic se-
quence spaces:

cfinpNq � l1pNq � l2pNq � c0pNq � l8pNq
They are Banach spaces (for cfinpNq) and commutative
algebras; l2pNq even is a Hilbert space.

Similarly, we have the following chain of operator al-
gebras:

BfinpHq �? �? � KpHq � BpHq
They are Banach spaces (except for BfinpHq) and alge-
bras, although non-commutative in general.

The following proposition shows that we can in a
sense interprete these operator algebras as the non-
commutative analoga of the respective sequence spaces.

1 Proposition. For any orthonormal system penq in
H we have an isometric algebra homomorphism

Φ : l8 Ñ BpHq, panq ÞÑ x ÞÑ
¸
n

anxx, enyen

with Φ�1pBfinpHqq � cfin and Φ�1pKpHqq � c0.

Proof. We only prove that Φ is well-defined and an
isometry:

||
¸
n

anxx, enyen||2 �
¸
n

|an|2|xx, eny|2

¤||panq||2l2
¸
n

|xx, eny|2 ¤ ||panq||2l2 ||x||2

and ||°n anxem, enyen|| � |am|, hence ||Φppanqq|| �
||panq||l2 .

It is thus natural to ask the following questions: (1)
What operator algebras correspond to l1pNq and l2pNq?
(2) Which familiar results from the theory of sequence
spaces generalize to the non-commutative case?

�based on [Nee96]

2 Hilbert-Schmidt operators

We define the space of Hilbert-Schmidt operators
as

B2pHq :� tA P BpHq : ||A||2   8u

||A||2 :�
d¸

iPI

||Aei||2

where peiqiPI is an ONB of H. This is a normed space.

An easy calculation shows that this definition does not
depend on the choice of basis:

2 Lemma. Let A P BpHq and let peiqiPI , pfjqjPJ be
two ONBs. Then:¸

iPI

||Aei||2 �
¸
jPJ

||A�fj ||2 P r0,8s

Proof. Suppose the first limit exist. Then by Fubini
we have ¸

iPI

||Aei||2 �
¸
iPI

¸
jPJ

|xAei, fjy|2

�
¸
jPJ

¸
iPI

|xA�fj , eiy|2 �
¸
jPJ

||A�fj ||2,

hence the second limit exists and agrees.

The following facts follow easily from the preceding.

3 Proposition. Let A P B2pHq. Then:
(i) ||A�||2 � ||A||2
(ii) ||A|| ¤ ||A||2
(iii) B2pHq is an “operator ideal” in BpHq, i.e.

BpHqB2pHqBpHq � B2pHq
Proof. (i) Lemma 2.

(ii) Let ε ¡ 0. Take e P H such that ||e|| � 1 and
||Ae|| ¡� ||A|| � ε, extend to an ONB peiq. Then

||A||22 �
¸
i

||Aei||2 ¥ ||Ae||2 ¡� p||A|| � εq2

(iii) It is clear that B2pHq is a left ideal; (i) shows that
it is a right ideal.

4 Theorem. pB2pHq, || � ||2q is a Hilbert space with
inner product

xA,By2 :�
¸
i

xB�Aei, eiy �
¸
i

xAei, Beiy

and BfinpHq is a dense subspace.
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Proof. Consider the mapping

Ψ : cfinpI � Iq Ñ B2pHq, δpi,jq ÞÑ x�, eiyej
From the calculations

||Ψppai,jqq||2 ¤ ||Ψppai,jqq||22 � ||
¸
i,j

ai,jx�, eiyej ||22

�
¸
i,j

|ai,j |2 � ||pai,jq||2l2

we see that Ψ has a continuous extension l2pI � Iq Ñ
BpHq which is a surjective isometry onto B2pHq. Thus
the latter is also a Hilbert space with dense subspace
ΨpcfinpI � Iqq � BfinpHq.
The formula for the inner product is easily obtained
using the polarization identity.

5 Corollary. B2pHq � KpHq
Proof. Theorem 4 and Proposition 3, (ii).

Any Hilbert-Schmidt operator A P B2pHq � KpHq can
be written as a series

A �
¸
n

anx�, enyfn

with panq P c0pNq and orthonormal systems penq, pfnq.
We can easily calculate its norm from any such repre-
sentation:

6 Proposition.

||A||2 �
c¸

n

|an|2 � ||panq||l2

Thus a compact operator is a Hilbert-Schmidt operator
if and only if its coefficients are in l2pNq.

Finally we will reveal the intimate connection between
the Hilbert-Schmidt operators on H and the tensor
product of H with its dual.

7 Proposition. The space of Hilbert-Schmidt opera-
tor is naturally isometrically isomorphic to the tensor
product H� bH via

Φ : H� bH Ñ B2pHq, λb f ÞÑ λf

Proof. The mapping Φ is induced by the bilinear map
pλ, fq ÞÑ λf , hence well-defined. Choose an ONB peiq
of H. Then x�, eiybej is an ONB of the tensor product
H� bH, and

||Φp
¸
i,j

ai,jx�, eiy b ejq||22 � ||
¸
i,j

ai,jx�, eiyej ||22

�
¸
i,j

|ai,j |2 � ||
¸
i,j

ai,jx�, eiy b ej ||2

shows that Φ is an isometry. Thus Φ is also surjective
since its range includes the dense set of finite-rank op-
erators. Now apply the bounded inverse theorem.

3 Trace class operators

We define the space of trace class (or nuclear) op-
erators to be

B1pHq :� tA P B2pHq : ||A||1   8u
||A||1 :� supt|xA,By2| : B P B2pHq, ||B|| ¤ 1u

This is a normed space.

Let us first collect some facts about this space.

8 Proposition. Let A P B1pHq. Then:
(i) ||A�||1 � ||A||1
(ii) ||A||2 ¤ ||A||1
(iii) B1pHq is an “operator ideal” in BpHq, i.e.

BpHqB1pHqBpHq � B1pHq
(iv) B2pHqB2pHq � B1pHq
Proof. (i) We have xA,By2 � xB�, A�y2 since both
sides define inner products inducing the same norm
(apply the polarization identity). This in turn implies
the claim.

(ii) This follows from ||A|| ¤ ||A||2.
(iii) In view of (i) we only have to show that B1pHq
is a left ideal; this follows readily from xCA,By2 �
xA,C�By2.
(iv) Let A,B,C P B2pHq and ||B|| ¤ 1. Then

|xCA,By2| � |xA,C�By2| ¤ ||A||2||C�B||2
�||A||2||B�C||2 ¤ ||A||2||B�||||C||2 ¤ ||A||2||C||2,

hence ||CA||1 ¤ ||C||2||A||2.

We define the trace of a trace class operator A P
B1pHq to be

trpAq :�
¸
iPI

xAei, eiy

where peiqiPI is an ONB of H. Note that this coincides
with the usual definition of the trace if H is finite-
dimensional.

The following lemma shows that the definition make
sense.

9 Lemma. The series converges absolutely and it is
independent from the choice of basis.

Proof. Choose λi P C such that |xAei, eiy| �
λixAei, eiy and |λi| � 1 (i P I). Then for every finite
subset I0 � I we have the following estimate:¸

i

|xAei, eiy| �
¸
i

λixAei, eiy �
¸
i

λixA, x�, eiyeiy2

�xA,
¸
i

λix�, eiyeiy2 ¤ ||A||1||
¸
i

λix�, eiyei|| ¤ ||A||1

This implies absolute convergence.
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If pfjqjPJ is any other ONB we have
¸
i

xAei, eiy �
¸
i,j

xAei, fiyxfi, eiy �
¸
j,i

xfi, eiyxei, A�fiy

�
¸
j

xfi, A�fiy �
¸
j

xAfi, fiy,

hence the trace is independent from the particular
choice of basis.

We now collect some facts about the trace which re-
semble the finite-dimensional case.

10 Proposition. (i) tr P B1pHq1 with || tr || � 1

(ii) trpABq � trpBAq for A P B1pHq, B P BpHq and
A,B P B2pHq, respectively

Proof. (i) By the proof of the preceding lemma we have
|| tr || ¤ 1. Equality follows by considering an orthogo-
nal projection.

(ii) If A P B1pHq is Hermitian and B P BpHq we can
take an ONB of eigenvectors peiq with Aei �: λiei for
real eigenvalues λi P R. Then

trpABq �
¸
i

xABei, eiy �
¸
i

xBei, Aeiy

�
¸
i

xBAei, eiy � trpBAq

If A P B1pHq is a general trace class operator we can
still write it as a sum A � B � iC with Hermitian B,
C P B1pHq. The claim then follows from the complex
bilinearity of pA,Bq ÞÑ trpABq and pA,Bq ÞÑ trpBAq.
For A,B P B2pHq the claim follows from

trpABq �
¸
i

xABei, eiy � xB,A�y

�xA,B�y �
¸
i

xBAei, eiy � trpBAq

Let us write a trace class operator A P B1pHq as a
series

A �
¸
n

anx�, enyfn

with panq P c0pNq and orthonormal systems penq, pfnq.
Again it is easy to calculate its norm and trace from
this representation:

11 Proposition.

||A||1 �
¸
n

|an| � ||panq||l1

trpAq �
¸
n

anxfneny

Thus a compact operator is a trace class operator if
and only if its coefficients are in l1pNq.
Proof. We only show the first equality; the second one
is immediate from the definition of tr.

p¤q For any B P B2pHq with ||B|| ¤ 1 we have

|xA,By2| ¤
¸
n

|an||xx�, enyfn, By2|

¤
¸
n

|an||xfn, Beny| ¤
¸
n

|an|,

hence ||A||1 ¤
°

n |an|.
p¥q Choose bn P C such that |an| � anbn and |bn| � 1
(n P N) and define

BN :�
Ņ

n�1

bnx�, enyfn

Clearly BN P B2pHq and ||BN || ¤ 1. Hence

||A||1 ¥ |xA,BN y2| � |
¸
n

xAen, BNeny|

�|
Ņ

n�1

anbn| �
Ņ

n�1

|an| Ò
¸
n

|an|

It follows that we can approximate any trace class op-
erator using finite rank operators:

12 Corollary. Bfin is a dense subspace of pB1pHq, || �
||1q.
Proof. We have

||A�
Ņ

n�1

anx�, enyfn||1 11�
8̧

n�N

|an| Ñ 0

as N Ñ8.

We can also deduce that every trace class operator is
the product of two Hilbert-Schmidt operators:

13 Proposition. B2pHqB2pHq � B1pHq
Proof. p�q was proved in Proposition 8, (iv).

p�q Define

B �
¸
n

?
anx�, enyfn

C �
¸
n

?
anx�, enyen

Then B and C are Hilbert-Schmidt operators, and A �
BC.

Note that

B1pHq �BpHq Ñ C, pA,Bq ÞÑ trpABq

is a continuous pairing since we have

| trpABq| ¤ ||AB||1 ¤ ||A||1||B||

This pairing induces the following two isometric iso-
morphisms.

14 Theorem. B1pHq � KpHq1 and B1pHq1 � BpHq
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Proof. (1) We show that

B1pHq Ñ KpHq1, B ÞÑ trp�Bq

is an isometric isomorphism.

Linearity is obvious. It is almost by definition of || � ||1
that the mapping is an isometry. Hence it remains
to show surjectivity. Let ϕ P KpHq1. Then for all
A P B2pHq we have

|ϕpAq| ¤ ||ϕ||||A|| ¤ ||ϕ||||A||2,

hence ϕ|B2pHq P B2pHq1. Take the unique B P B2pHq
such that

ϕ|B2pHq � x�, By2 � xB�, ��y2 � trp�B�q

From this we see that the continuity of ϕ implies that
B� is of trace class, and density of B2pHq � KpHq
shows that B� is a preimage of ϕ.

(2) We show that

BpHq Ñ B1pHq1, B ÞÑ trp�Bq

is an isometric isomorphism.

Again, it is obvious that the mapping is a linear isom-
etry. We show surjectivity. Let ϕ P B1pHq1. Since for
e, f P H

||x�, eyf ||1 � ||e||||f ||

we see that the mapping f ÞÑ ϕpx�, eyfq is in H 1. Hence
there is a unique ϕe P H such that

xf, ϕey � ϕpx�, eyfq @f P H

and ||ϕe|| ¤ ||ϕ||||e||. Thus B : H Ñ H, e ÞÑ ϕe defines
a bounded operator. And the calculation

ϕpx�, eyfq � xf,Bey � xx�, eyf,By2 � trpx�, eyfB�q

together with density of BfinpHq � B1pHq shows that
B� is a preimage of ϕ.

15 Corollary. pB1pHq, || � ||1q is a Banach space.

4 Summary

Propositions 6 and 11 show that the algebras of
Hilbert-Schmidt and trace class operators are the nat-
ural non-commutative analoga of l1pNq and l2pNq, re-
spectively. That is, we have the following chains which
correspond in the sense of Proposition 1:

cfinpNq � l1pNq � l2pNq � c0pNq � l8pNq
BfinpHq � B1pHq � B2pHq � KpHq � BpHq

In table 1 we have summarized some familiar facts
about sequence spaces together with their non-
commutative counterparts (which we have proved in
the preceding).

Table 1: Comparison of sequence and operator spaces

Sequence spaces Operator spaces
cfinpNq dense in l1pNq,
l2pNq and c0pNq

BfinpHq dense in B1pHq,
B2pHq and KpHq

l1pNq � l2pNql2pNq B1pHq � B2pHqB2pHq
panq ÞÑ

°
n an P l1pNq1 tr P B1pHq1

c0pNq1 � l1pNq KpHq1 � B1pHq
l1pNq1 � l8pNq B1pHq1 � BpHq
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