
A SURVEY OF SPINc STRUCTURE

MICHAEL WALTER

Conventions. All differential geometric objects are assumed to be smooth.

Part I. Preliminaries

1. Clifford algebras

In this section we will give a very brief overview of the theory of Clifford algebras
(loosely based on the much more detailed treatment in [LM89, §1]).

Clifford algebras. Let V be a vector space over K P tR,Cu. The Clifford algebra
of V with respect to a quadratic form q is the K-algebra

CliffpV, qq :� à
nPN0

V bn{tv b v � qpvq : v P V u

Note that we can consider V � CliffpV, qq since the canonical projection is injective
on V . Also note that v P V is invertible in the Clifford algebra if qpvq � 0.

Proposition 1 (Universal property). Every linear map f : V Ñ A into a uni-
tal K-algebra A satisfying fpvq2 � �qpvq1 extends to an algebra homomorphism
CliffpV, qq Ñ A.

If e1, . . . , en is a basis of V , the monomials ei1 � � � eik (i1   . . .   ik, 0 ¤ k ¤ n)
form a basis of CliffpV, qq. In particular,

dim CliffpV, qq � 2dimV

and we can grade the Clifford algebra such that its even (odd) part is generated
by the even (odd) monomials. Evidently, this is the grading given by the grading
endomorphism α extending v ÞÑ �v on V .

We can equip CliffpV, qq with an inner product such that the action of unit vectors
is orthogonal, i.e. xe � v, e � wy � xv, wy if qpeq � 1. In particular, the adjoint
of left multiplication with e is left multiplication with its �e, and more generally
the adjoint of left multiplication with an arbitrary element of the Clifford algebra
is given by left multiplication with some other element. Hence we can define an
involution on CliffpV, qq satisfying

xx � v, wy � xv, x� � wy p@x, v, wq
In particular, left multiplication is a graded �-representation.
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O, SO, Pin, Spin. As usual, we define the orthogonal and special orthogonal
subgroups of invertible transformations of V :

OpV, qq :� tx P GLpV q : x�q � qu � GLpV q
SOpV, qq :� tx P OpV, qq : detpxq � 1u

Example 2. For any vector v P V with qpvq � 0, reflection across vK

reflv : w ÞÑ w � 2
qpv, wq
qpvq v

is an orthogonal transformation.

Note that, by the universal property, transformations in the orthogonal group
extend to endomorphisms of the Clifford algebra and we get an action On ü
CliffpV, qq.
Let us also define the pin and spin subgroups of the unit group of the Clifford
algebra:

PinpV, qq :� xtv P V : qpvq � �1uy � CliffpV, qqx
SpinpV, qq :� PinpV, qq X CliffpV, qq�

The twisted adjoint representation of the pin group is�ad : PinpV, qqü CliffpV, qq, x � y :� αpxqyx�1

Clearly, the twisted adjoint representation agrees with the usual adjoint represen-
tation on SpinpV, qq.
If q is non-degenerate then there are convenient representations of the groups we
have just defined:

Proposition 3. If q is non-degenerate then

OpV, qq � treflv1 � � � � � reflvk
: vi P V, qpviq � �1u,

SOpV, qq � treflv1 � � � � � reflvk
: vi P V, qpviq � �1, k evenu,

PinpV, qq � tv1 � � � vk : vi P V, qpviq � �1u,
SpinpV, qq � tv1 � � � vk : vi P V, qpviq � �1, k evenu

Now a quick calculation shows that �adpvq|V � reflv. Together with the preceding
this proves part of the following proposition.

Proposition 4. We have short exact sequences

0 //
?�1 // PinpV, qq radp�q|V // OpV, qq // 0

0 //
?�1 // SpinpV, qq radp�q|V // SOpV, qq // 0

In particular, the (s)pin group is the |?�1|-fold cover of the (special) orthogonal
group.

Corollary 5. The (standard or twisted) adjoint representation SpinpV, qqü CliffpV, qq
descends to the standard representation SOpV, qqü Cliffpv, qq.
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Pinc, Spinc. Now assume that V is a real vector space. Then
?�1 � t�1u � Z2

and CliffpV, qq bR C � CliffpV bR C, qCq. The complex pin and spin groups are

PincpV, qq :� PinpV, qq �Z2 Up1q
SpincpV, qq :� SpinpV, qq �Z2 Up1q

where the respective Z2-action is given by multiplication with �1. It is obvious
that we can consider

SpincpV, qq � PincpV, qq � CliffpV, qq bR C

The following proposition holds similarly for Pinc.

Proposition 6. We have short exact sequences

0 // Up1q // SpincpV, qq // SOpV, qq // 0

0 // Z2
// SpincpV, qq ξ0 // SOpV, qq � Up1q // 0

where ξ0 : rx, λs ÞÑ p�adpxq|V , λ2q. In particular, the complex spin group is the
two-fold cover of SOpV, qq � Up1q.

Standard Clifford algebras. The real and complex standard Clifford algebras
are defined as follows:

Rr,s :� CliffpRr�s,
ŗ

i�1

x2
i �

ş

i�r�1

x2
i q, Cn :� CliffpCn,

ņ

i�1

z2
i q

Up to isomorphism, these are the only finite-dimensional Clifford algebras over R
and C with non-degenerate quadratic form. Let us write Rn :� Rn,0. Then clearly
Rn bR C � Cn.

We denote the (special) orthogonal and (complex) (s)pin groups of Rn by On, SOn,
Pinn, Spinn and Spincn. Let us briefly state the previous results which are most
important for us in this special situation.

Proposition 7.

On � treflv1 � � � � � reflvk
: vi P V, ||vi|| � 1u,

SOn � treflv1 � � � � � reflvk
: vi P V, ||vi|| � 1, k evenu,

Pinn � tv1 � � � vk : vi P V, ||vi|| � 1u,
Spinn � tv1 � � � vk : vi P V, ||vi|| � 1, k evenu

Proposition 8. We have short exact sequences

0 // Z2
// Spinn

rad // SOn // 0

0 // Up1q // Spincn // SOn // 0

0 // Z2
// Spincn

ξ0 // SOn � Up1q // 0

For n ¥ 3, Spinn is the universal cover of SOn.
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Complex representation theory. The main result of the classification theory
of complex Clifford algebras is the following:

Proposition 9. C2k �M2kpCq and C2k�1 �M2kpCq `M2kpCq.

Since the single irreducible representation of MnpCq is given by matrix multiplica-
tion with Cn we have the following corollary.

Corollary 10. C2k has a single irreducible representations (of dimension 2k).
C2k�1 has two irreducible representations (of dimension 2k) which agree when re-
stricted to Spinc2k�1.

We can also consider graded representations.

Proposition 11. The category of Z2-graded representations of Cn�1 is equivalent
to the category of ungraded representations of Cn.

Proof. We can consider the even part as a representation of Cn�1,� � Cn. Con-
versely, if S is an ungraded representation of Cn then Cn�1bCn�1,� S is a Z2-graded
representation of Cn�1. The constructions are inverse to each other. �

Corollary 12. C2k has two graded irreducible representations (of dimension 2k)
whose only difference is that the even and odd parts are swapped. Both representa-
tions agree when restricted to Spinc2k.

C2k�1 has a single graded irreducible representation (of dimension 2k�1).

In the following example we analyze the even-dimensional case.

Example 13. Let ∆2k be the unique ungraded irreducible representation of C2k.
The action of the complex volume element ω :� ike1 � � � en is a central involution,
i.e. a grading operator. It endows ∆2k with its standard grading.

By using the negative volume element �ω, or equivalently by swapping the even
and odd parts, we get another graded irreducible representation. It is evident that
these representations are inequivalent: the action of volume element changes sign
when passing from one to the other.

A representation ρ : AÑ EndpSq of a *-algebra A is called a *-representation if S
is equipped with an inner product so that ρ is a *-homomorphism. In the graded
case we also require that the inner product respects the grading (i.e. S� K S�).

Proposition 14. Every (ungraded or graded) Cn-representation can be made a
*-representation by choice of proper inner product.

Proof. Choose an arbitrary inner product such that the even and odd parts are
orthogonal. By averaging over the Clifford group

En :� t�ei11 � � � einn : i1, . . . , in P t0, 1uu
which is a finite group of order 2n�1 we get an En-invariant inner product which
still respects the grading. Since En generates Cn as an algebra, En-invariance
already guarantees that we have a *-representation. �

Proposition 15. If n � 2k is even then any irreducible representation on a vector
space S is an isomorphism of algebras (also in case of graded and *-algebras). In
particular, Cn � Sb̂S�.
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Proof. Every irreducible representation is injective. Surjectivity follows from com-
paring dimensions:

dim C2k � 22k � pdimSq2 � dim EndpSq
�

There are two standard *-representations of Cn on itself: The full spinor represen-
tation given by left multiplication (which is graded), and the adjoint representation
we have seen before (which is not graded).

Clifford algebra bundles. The Clifford algebra bundle of a Riemannian vector
bundle V over a manifold M and its complexification are the associate bundles

CliffpV q :� POn
pV q �On

Rn
CliffCpV q :� POn

pV q �On
Cn

(using the standard actions On ü Rn � Cn). Clearly, each fiber of CliffpV q has
the structure of a Clifford algebra.

If pEiq is a local orthonormal frame pEiq over U � M , we can define a bundle
morphism by linear extension of

V |U Ñ CliffpV q|U , Ei|u ÞÑ rpEi|uq, eis
In fact, this map does not depend on the choice of local orthonormal frame, hence
extends to all of V . It is also easily seen to be injective. Thus we can consider
V � CliffpV q.
Proposition 16. Each fiber of the Clifford algebra bundle is the Clifford algebra
of the respective fiber (endowed with the inner product given by the Riemannian
metric g):

CliffpV qm � CliffpVm, gmq
CliffCpV qm � CliffpVm, gmq bR C

Proof. This is evident because the above inclusion map sends an orthonormal basis
with respect to g onto an orthonormal basis with respect to the standard inner
product of Rn (which is just the quadratic form used to define Rn). �

Proposition 17. The complexified Clifford algebra bundle is indeed the complexi-
fication of the Clifford algebra bundle:

CliffCpV q � CliffpV q bR C

We can further reduce the structure group if V is oriented:

Proposition 18. Suppose V is an oriented Riemannian vector bundle. Then

CliffpV q � PSOn
pV q �SOn

Rn
CliffCpV q � PSOnpV q �SOn Cn

2. Multigrading

Multigraded bundles; [HR00, App. A] TODO
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3. Connections

Connections on vector bundles. Definition of connections (including Γ8pEq Ñ
Γ8pT�M bEq picture), compatibility with metric; Levi-Civita connection; [Roe98, §1]TODO

Connections on principal bundles. Definition of connections; connection on
PGLn

pV q (POn
pV q etc.) vs. connection on V (compatible with metric etc.); holo-

nomy of associated bundles given by left action; [Roe98, §2]TODO

4. Cohomology and characteristic classes

Let X be a paracompact Hausdorff space and G a topological group.

Cohomology and principal bundles. The set of equivalence classes of principal
G-bundles over X is naturally represented by the first Čech cohomology group (or
set for nonabelian G) of X with coefficients in G (see [Hir78, §3], [LM89, App. A]):

PrinGpXq � Ȟ1pX;Gq

Chern class. The first Chern class is the coboundary map

c1 : VectC
1 pXq � PrinU1pXq � H1pX;U1q �Ñ H2pX; Zq

associated to the extension R of Z via U1. It is an isomorphism, and it agrees with
the ordinary definition in the special case of complex line bundles.

Stiefel-Whitney classes. The second Stiefel-Whitney class is the coboundary
map

w2 : H1pX;SOnq Ñ H2pX; Z2q
associated to the Spinn-extension of Z2 via SOn. It agrees with the ordinary
definition in the special case of oriented Riemannian vector bundles.

The third integral Stiefel-Whitney class is

W3 :� β � w2 : H1pX;SOnq Ñ H2pX; Zq
where β is the Bockstein homomorphism, that is, the coboundary map associated
to the extension

0 // Z �2 // Z // Z2
// 0

5. K-homology

We are using analytic K-homology of C�-algebras and in particular of manifolds
as presented in the monograph [HR00] by Higson and Roe. A brief review of K-
homology can be found in the article [PBS07].

Part II. Dirac structure

6. Dirac structure

From now on let V be an n-dimensional Riemannian vector bundle over a manifold
M .
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Analytic definition. [HR00] An p-multigraded analytic Dirac structure on V is a
p-multigraded Hermitean vector bundle E with a bundle morphism

V Ñ EndpEq
such that each vector v acts by skew-adjoint, odd endomorphisms which commute
with the multigrading operators and whose square is multiplication with �||v||2.
This action is called Clifford multiplication.

An isomorphism of p-multigraded analytic Dirac structures is an even, multigraded,
V -equivariant, unitary vector bundle isomorphism.

Algebraic definition. [ST04] An p-multigraded algebraic Dirac structure on V is
a graded Hermitean CliffCpV q–Cp-bimodule bundle (of *-algebras). Again, the left
action is called Clifford multiplication.

An isomorphism of p-multigraded algebraic Dirac structures is an even, unitary
bimodule isomorphism.

Terminology. It is evident that the algebraic definition is just a rewording of
the analytic one. Hence in the following we will simply call such a structure a
p-multigraded Dirac structure unless we want to refer to the concrete picture we
are using. The bundle which comprises a Dirac structure is called its Dirac bundle.

A Dirac vector bundle is a Riemannian vector bundle equipped with a Dirac struc-
ture; a vector bundle is Dirac if it can be equipped with such a structure.

Similarly, a Dirac manifold is a manifold whose tangent bundle is a Dirac vector
bundle; a manifold is Dirac if its tangent bundle is Dirac.

Example 19. Any trivial vector bundle is Dirac: Trivial n-multigraded Dirac
structures are given by fixing any orthonormal frame pEiq and taking E :�M �Cn
where the Ei act by left multiplication and Cn by right multiplication.

Example 20. The complexified Clifford algebra bundle CliffCpV q itself is a 0-
multigraded Dirac bundle by left multiplication.

Example 21 ([PBS07, 3.10]). Assume that V is an oriented Riemannian vector
bundle of even dimension n � 2k. Then any local oriented orthonormal frame
pEiq over U � M induces a local bundle endomorphism by right multiplication
with ikE1 � � �En. Since the transition matrix between any two such frames has
determinant 1, this definition does not depend on the choice of pEiq, hence extends
to a bundle endomorphism σ on all of V .

A quick calculation shows that σ is an even, self-adjoint involution which obviously
commutes with the Dirac bundle structure given by left multiplication. It follows
that the complexified Clifford algebra bundle splits into a sum of two 0-multigraded
Dirac bundles

CliffCpV q �: CliffC
1
2
pV q K` CliffC

� 1
2
pV q

corresponding to the �1-eigenbundles of σ.

Periodicity.

Proposition 22. There is a bijection of isomorphism classes of p-multigraded
Dirac structures on V and isomorphism classes of pp� 2q-multigraded Dirac struc-
tures (doubling the fiber dimension of the bundle).
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Proof. If E is a p-multigraded Dirac bundle on V then E1 :� E
K` Eop together

with the multigrading operators

ε1i :� εi ` εi, ε1p�1 :� � 0 1
�1 0

�
, ε1p�2 :� p 0 i

i 0 q
and the diagonal action of V is a pp� 2q-multigraded Dirac bundle on V .

Conversely, if E is a pp� 2q-multigraded Dirac bundle with grading operators pεiq.
Then e :� �iεp�1εp�2 is an even, self-adjoint involution and E decomposes as a
direct sum of orthogonal, graded eigenbundles for e. Moreover, e commutes with
ε1, . . . , εp. Hence compression to the �1 eigenbundle Eig1peq yields a p-multigraded
Dirac bundle.

It is clear that by compressing the extension of a Dirac bundle we retrieve the same
bundle. Conversely, if E is a pp�2q-multigraded Dirac bundle then an isomorphism
between the extension of its compression and E is given by

Eig1peq
K` Eig1peqop Ñ E�

K` E�, e` e1 ÞÑ e� εp�1pe1q
�

Proposition 23. Every n-multigraded Dirac bundle of fiber dimension 2n on an
n-dimensional vector bundle V is locally trivial (in the sense of Ex. 19).

Proof. Let us introduce operators

ε1iu :� p�1qdeg uεiu pi � 1, . . . , nq
Choose also any oriented local orthonormal frame pEiq. Then we can consider
any fiber as a 2n-dimensional representation of the algebra with anticommuting
generators pEiq and pε1iq satisfying the following relations:

ε12i � 1, ε1�i � ε1i, E2
i � �1, E�

i � �Ei
This algebra is isomorphic to the matrix algebra M2npCq which has a unique rep-
resentation of fiber dimension 2n. By applying the same argument to E locally
equipped with a trivial Dirac structure, we see that both representations agree. It
follows that E is locally trivial. �

7. Dirac operators

Dirac operators. In the special case of Dirac manifolds, i.e. V � TM � T�M ,
the action of the (co)tangent bundle on a Dirac bundle E looks suspiciously like
the symbol of a first-order differential operator acting on sections of E.

A p-multigraded Dirac operator is an odd, symmetric first-order differential operator
D acting on sections of a p-multigraded Hermitean vector bundle E over M which
commutes with the multigrading operators and whose symbol σD satisfies

σDpξq2 � �||ξ||2 p@ξ P T�Mq
Proposition 24. The symbol of a p-multigraded Dirac operator equips the bundle it
is acting on with a Clifford multiplication rendering it a p-multigraded Dirac bundle
for M .

Proposition 25. A p-multigraded Dirac operator D defines a canonical K-homology
class rDs P KppMq.

Proof. From the definition of a Dirac operator it follows in particular that D is
elliptic. Hence we can apply the general theory of [HR00, 10.8.3]. �
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Corollary 26. Any p-multigraded Dirac bundle E which has a corresponding Dirac
operator determines a canonical K-homology class rEs P KppMq.

Proof. Let rEs :� rDs for any Dirac operator corresponding to E. Since K-
homology cannot distinguish between two operators with the same symbol (cf.
[HR00, 10.9.5]), this definition does not depend on the choice of Dirac operator. �

Corollary 27. Any p-multigraded Dirac manifold M which has a corresponding
Dirac operator defines a canonical K-homology class rM s P KppMq.
Proposition 28. Multigraded periodicity of Dirac bundles is compatible with formal
periodicity of K-homology. That is, if E is a p-multigraded Dirac bundle for M
which has a corresponding Dirac operator then its pp � 2q-multigraded extension
E1 also has a corresponding Dirac operator and rE1s is the image of rEs under the
periodicity isomorphism KppMq Ñ Kp�2pMq.

Proof. By hand (sketch, assuming M closed): The direct sum operator is a Dirac
operator for E’. Now, restricting a Dirac operator for E1 to sections of the com-
pressed bundle E yields a Dirac operator for E whose normalization is then used
to define a Fredholm module for rEs (cf. [HR00, 10.6.6]). On the other hand,
compression of a Fredholm module for rE1s is simply restriction of the normalized
Dirac operator to sections of the compressed bundle E. The claim now follows since
normalization and restriction commute.

Using the Kasparov product:

Missing. TODO

�

Dirac connections. It is not clear a priori whether every Dirac structure arises
this way. In case we are given additional data we can always do it, though:

A p-multigraded Dirac connection for a p-multigraded Dirac bundle E on M is a
C-linear connection

∇ : Γ8pTMq b Γ8pEq Ñ Γ8pEq
compatible with the Riemannian metric on E, the Levi-Civita connection onM and
the multigrading (in the sense that∇X is even and commutes with the multigrading
operators).

Proposition 29. Let ∇ be a Dirac connection for a p-multigraded Dirac bundle E
on M . Then the operator

D : Γ8c pEq ∇Ñ Γ8c pT�M b Eq gÑ Γ8c pTM b Eq �Ñ Γ8c pEq
is a p-multigraded Dirac operator for E. Furthermore, if pEiq is a local orthonormal
frame for TM then D has the local representation

Du �
¸
i

Ei �∇Ei
u

Proof. By compatibility of the connection with the multigrading, it is obvious that
D is an odd first-order differential operator commuting with the multigrading op-
erators.
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We will now verify the local representation formula from it is immediate that the
symbol of D is given by the Clifford multiplication of E.

u ÞÑ pEi ÞÑ ∇Ei
uq � p

¸
i

E�
i b∇Ei

uq ÞÑ p
¸
i

Ei b∇Eiuq ÞÑ
¸
i

Ei �∇Eiu

Finally, we have to show that D is symmetric: Suppose we are given compactly
supported sections u and v. Let m P M and choose an orthonormal frame pEiq
around x so that ∇LC

Ei
Ei|m � 0. Then by compatibility with Levi-Civita connection

and metric we have at m:

xDu1, u2y � xu1, Du2y|m �
¸
i

xEi �∇Ei
u1, u2y|m � xu1, Ei �∇Ei

u2y|m
piq�
¸
i

x∇EipEi � u1q, u2y|m � xu1, Ei �∇Eiu2y|m
piiq�
¸
i

Ei � xEi � u1, u2y � divpXq

where X is the vector field defined by

xX,Y y :� xY � u1, u2y
Since this equality holds for any point m PM we see that

xDu1, u2y2 � xu1, Du2y2 �
»
M

divpXq dV � 0

�

Twistings. The following construction is used e.g. in [Pia09].

Proposition 30. Let D be a p-multigraded Dirac operator acting on sections of
a bundle E which is induced by a connection ∇E. Let W be another Hermitean
vector bundle with connection ∇W . Then E bW is a p-multigraded Dirac bundle
with the inherited bimodule action of E

X � peb wq :� pX � eq b w, peb wq � x :� pebXq b w

and the tensor product connection

∇EbW peb wq :� p∇Eeq b w � eb p∇Wwq
is a Dirac connection for E bW .

Proposition 31. In the situation of the previous proposition, every choice of Her-
mitean vector bundle W and connection ∇W induces a canonical p-multigraded
Dirac operator on E bW called the Dirac operator obtained from D by twisting
with W .

Proposition 32. In the situation of the previous proposition, every choice of Her-
mitean vector bundle W induces a canonical K-homology class rE bW s P KppMq.

Terminology in the literature. In this article we are mainly following the ter-
minology of [HR00] so let us issue some words of caution regarding conflicting
nomenclature in the literature: In the popular [LM89] the authors define a Dirac
bundle to be an ungraded Dirac structure equipped with a Dirac connection. The
same concept is called Clifford bundle1 in the research notes [Roe98] (optionally
with grading, i.e. 0-multigrading).

1Such a Clifford bundle should not be confused with the Clifford algebra bundle CliffpV q of a
Riemannian vector bundle pV, gq.
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8. Operations

Restriction, Cartesian product, suspension.

Proposition 33 ([HR00, 11.1.7]). An open subset U of a Dirac manifoldM inherits
a canonical Dirac manifold structure by restriction.

If M has an associated Dirac operator, then so does U and we have

incl!prM sq � rU s
where incl! denotes the “wrong way”-homomorphism induced by the inclusion C0pUq �
C0pMq.
Proposition 34 ([HR00, 11.1.8]). The Cartesian product of two Dirac manifolds
M1 and M2 is canonically a Dirac manifold by forming the graded tensor product
of Dirac bundles.

If M1,M2 have associated Dirac operators D1, D2, then D1�D2 :� D1b̂1� 1b̂D2

is a Dirac operator for M1 �M2 and we have

rM1 �M2s � rM1s � rM2s
Proposition 35 ([HR00, 11.2.5]). LetM be a Dirac manifold that has an associated
Dirac operator and suppose that R is equipped with its trivial Dirac structure R�C1.
Then

sprR�M sq � rM s
where s : K��1pR � Mq Ñ K�pMq denotes the suspension isomorphism of K-
homology.

Part III. Spinc structure

9. Spinc structure

We will now give several definitions of Spinc structure which later turn out to be
equivalent.

Assume that n ¥ 3. TODO

Geometric definition. [LM89] A geometric Spinc structure on V consists of the
following data:


 an orientation on V


 a principal Spincn-bundle PSpinc
n
pV q over M


 a principal U1-bundle PU1pV q over M

 a vertical principal bundle morphism

Spincn
ξ0 //

��

SOn � Up1q

��

PSpinc
n
pV q ξ

//

$$IIIIIIIII
PSOn

pV q � PU1pV q

wwoooooooooooo

M
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Two geometric Spinc structures are isomorphic if they have the same orientation
and their principal Spincn-bundles are equivalent.

Cohomologic definition. [BD82] A cohomological Spinc structure on V is given
by an orientation and a cohomology class in H2pPSOn

pV q|U ; Zq for each connected
component U � M which restricts to the generator of the cohomology group
H2pSOn; Zq � Z2 of any fiber.

Analytic definition. [HR00] An analytic Spinc structure on V is an n-multigraded
analytic Dirac structure which is locally trivial (in the sense of Ex. 19). In this
case, the Dirac bundle is called the full spinor bundle SfullpV q.
Two analytic Spinc structures are isomorphic if there are isomorphic in the sense
of analytic Dirac bundles.

Algebraic definition. [ST04] An algebraic Spinc structure on V is an

irreducibleTODO

n-multigraded algebraic Dirac structure.

Two algebraic Spinc structures are isomorphic if there are isomorphic in the sense
of algebraic Dirac bundles.

Terminology. We will later prove that these definitions are equivalent, i.e. differ-
ent pictures of the same data. In the following we will use the term Spinc structure
if we do not want to refer to a specific picture.

A Spinc-vector bundle is a Riemannian vector bundle equipped with a Spinc struc-
ture; a vector bundle is Spinc if it can be equipped with such a structure.

Similarly, a Spinc-manifold is a manifold whose tangent bundle is a Spinc-vector
bundle, and a manifold is Spinc if its tangent bundle is Spinc.

10. Existence

Proposition 36. An oriented Riemannian vector bundle V is geometrically Spinc

if and only if its second Stiefel-Whitney class is the mod 2 reduction of an integral
class in H2pM ; Zq.

Proof. We have a commutative diagram of extensions

0 // Z2
//

�

��

Spinn

�

��

// SOn //

�

��

0

0 // Z2
// Spincn // SOn � U1

// 0

The long exact sequence corresponding to the latter extension is

. . . // H1pM ; Spincnq
ξ�

// H1pM ;SOnq `H1pM ;U1q B // H2pM ; Z2q // . . .

Clearly, V is geometrically Spinc if and only if its principal SOn-bundle PSOnpV q
is the first component of some element in the range of ξ�, hence by exactness in
the kernel of B. This latter map decomposes as

B � w2 ` pπ� � c1q
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where π is the projection Z Ñ Z2 (this is shown by concretely calculating the
boundary maps; philosophically the w2-part comes from the above diagram and
the other part is due to the correspondence λ ÞÑ λ2 ú n ÞÑ 2n under taking the
logarithm). Thus, V is geometrically Spinc if and only if

w2pPSOnpV qq � π�puq

for some u P H2pM ; Zq H1pM ;U1qc1

�oo . �

Proposition 37 ([BD82]). An oriented Riemannian vector bundle V is cohomo-
logically Spinc if and only if its second Stiefel-Whitney class is the mod 2 reduction
of an integral class in H2pM ; Zq.

We summarize the preceding without reference to any specific definition of Spinc

structure.

Corollary 38. An oriented Riemannian vector bundle V is Spinc if and only
if its second Stiefel-Whitney class is the mod 2 reduction of an integral class in
H2pM ; Zq, i.e. if and only if its third integral Stiefel-Whitney class vanishes.

Proof. Apply ranpπ�q � kerpβq to the preceding. �

11. Classification

Proposition 39. Let M be connected. Then PrinU1pMq operates freely and tran-
sitively on the set of isomorphism classes of geometric Spinc structures by twisting,
i.e. multiplication of cocycles.

Proof. Free: Suppose P is a Spincstructure with cocycles

rgi,j , hi,js : Ui,j Ñ Spincn � Spinn �Z2 U1

and L is a principal U1-bundle given by cocycles pλi,jq with respect to some good
cover pUiq such that the isomorphism class of P is invariant under twisting with L,
i.e.

rai,jgi,ja�1
i,j , hi,js � rgi,j , hi,jλi,js

(since U1 is Abelian). Since the Spinn parts agree after postcomposition with xi0
we can assume without loss of generality that they agree (otherwise multiply one of
them with �1). It follows that λi,j � �1. If it were �1 then the cocycle condition
would be violated; hence all λi,j � 1.

Transitive: Suppose P k (k � 1, 2) are Spincstructures given by cocycles

rgki,j , hki,js : Ui,j Ñ Spincn � Spinn �Z2 U1

with respect to some good cover pUiq. Again, since ξ0�g1
i,j � ξ0�g2

i,j we can assume
without loss of generality that g1

i,j � g2
i,j (otherwise multiply one of the cocycles by

�1). But then λi,j :� h2
i,j{h1

i,j defines a principal U1-bundle which clearly twists
P 1 to P 2. �

Proposition 40. Let M be connected. Then PrinU1pMq operates freely and transi-
tively on the set of cohomologic Spinc structures considered as a subset of PrinU1pPSOnpV qq
by multiplication of (pulled back) cocycles.
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Proof. The long exact cohomology sequence for the fibration PSOn
pV q is

. . . // H1pSOn; Zq // H2pM ; Zq π� // H2pPSOn
pV q; Zq incl� // H2pSOn; Zq // . . .

Since H1pSOn; Zq � 0 and H2pSOn; Zq � Z2, the set of Spinc structures corre-
sponds to the coset of H2pPSOn

pV q; Zq which maps to the generator of H2pSOn; Zq.
The cohomology group H2pM ; Zq acts freely and transitively on this set via π�.
But under the natural isomorphism H2p�; Zq � H1p�;U1q � PrinU1p�q this is just
the pullback to PSOnpV q and multiplication in that group is given by pointwise
multiplication of cocycles. �

Again, we summarize the preceding without any reference to the definition of Spinc

structure we are using.

Corollary 41. The set of Spinc structures on a Spinc-vector bundle (manifold) is
classified by H2pM ; Zq � H1pM ;U1q � PrinU1pMq � VectC

1 pMq.

12. Equivalence of definitions

Proposition 42. The concepts of geometric and cohomologic Spinc structures are
equivalent.

More precisely, V is geometrically Spinc if and only if it is cohomologically Spinc,
and for any fixed orientation on V the map#

tgeometric Spinc structuresu{ � ÝÑ tcohomologic Spinc structuresu
rPSpinc

n
s ÞÑ rPSpinc

n
s

induced by considering principal Spincn-bundles overM as principal U1-bundles over
PSOn

pV q is a bijection.

Proof. The first statement follows from combining Prop. 36 and 37. Now consider
the given map. It is well-defined because ξ0 is not trivial on the fibers, and since
it intertwines the transitive and free twisting actions of Prop. 39 and 40 it is a
bijection. �

Proposition 43. The concepts of geometric and analytic Spinc structures are
equivalent.

Proof. The following constructions are inverse to each another (up to isomorphism).

pñq Assume that we have a geometric Spinc structure on V . Then we can combine
the standard isomorphism

CliffCpV q � PSOn
pV q �SOn

Cn
(standard action of SOn; see Prop. 18) with the isomorphism#

PSpinc
n
pV q �Spinc

n
Cn Ñ PSOn

pV q �SOn
Cn

rp, vs ÞÑ rpproj1 �ξ0qppq, vs
(adjoint action of Spincn; it descends to the standard action of SOn on Cn via
proj1 �ξ0; the isomorphism is well-defined precisely because ξ agrees fiberwise with
ξ0).

Define the graded vector bundle

E :� PSpinc
n
pV q �Spinc

n
Cn
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(left multiplication action of Spincn) which is naturally a right Cn-module with right
multiplication. It is also a left CliffCpV q-module with left multiplication

rpp, xqs � rpp, yqs :� rpp, xyqs
which is well-defined since

rppg�1, adpgqpxqgyqs � rppg�1, gxg�1gyqs � rppg�1, gxyqs � rpp, xyqs
Left and right multiplication commute, hence they combine to yield a bimodule
structure on E. It is also clear that both actions respect the grading since this is
so on the level of Cn. We can make this a bimodule of *-algebras by choosing a
Hermitean inner product on E which is invariant under left and right multiplication
of unit vectors (by averaging over the action of the respective Clifford groups, see
[LM89, p. 37]).

Finally, if pEiq is a local orthonormal frame over U �M then we have trivializations

CliffCpV q|U � U � Cn
E|U � U � Cn

where the left action of Ei b 1 is left multiplication with ei and the right action is
just right multiplication. This shows local triviality.

pðq: Assume we are given a locally trivial n-multigraded Dirac structure E.

We will first show how to recover an orientation: Suppose that E is trivialized with
respect to two orthonormal frames pEiq and pFjq over an open subset U �M , and
consider the automorphism

x ÞÑ p�1qn�pn�1qpdeg xqFn � � �F1 � x � e1 � � � en P EndpE|U q
In the pEiq-picture, this is multiplication by the determinant of the transition ma-
trix between the orthonormal frames. But in the pFjq-picture, this is simply the
identity. Hence both frames have the same orientation. In particular, this yields an
orientation on V : a basis is oriented if it has the same orientation as any trivializing
orthonormal frame.

Define the space

F :� tpm, f, gq : Vm
fÑ Rn orientation-preserving isometry,

Em
gÑ Cn even isometry,

gpv � eq � fpvq � gpeq and gpe � wq � gpeq � w p@v P Vm, e P Em, w P Cqu
It is a fiber bundle over M with the appropriate topology, and there is a right
Spincn-action

pm, f, gq � x :� pm, ξ0px�1q � f, λpx�1q � gq
which is free (λ is right multiplication). But this action is also transitive on each
fiber! Indeed, suppose we are given pm, f, gq, pm, f 1, g1q P F . Then f 1 � f�1 is given
by an element A P SOn, and the “transition map” ϕ :� g1 � g�1 satisfies

ϕpeiq � ϕpei � 1q � pAeiqϕp1q
ϕpxq � ϕp1xq � ϕp1qx

ñ ϕp1qeiϕp1q�1 � Aei

Thus if we can show that ϕp1q P Spincn it follows that ϕp1q is a lift of A and its
action sends pm, f 1, g1q to pm, f, gq. Since ϕp1q is an even element of

norm 1 TODO
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this is indeed the case. �

In particular, we see from the proof that an analytic Spinc structure on a vector
bundle V induces a canonical orientation on V . We will always consider V being
equipped with this orientation.

We could have also proved this last proposition in the same fashion as the previous
proposition (cf. [HR00, top of p. 318]).

Proposition 44. The concepts of analytic and algebraic Spinc structures are equiv-
alent.

Proof. how can we have both multigrading and irreducibility!?TODO

�

Hence all the definitions we gave in Sec. 9 are indeed equivalent.

13. Spinor bundles

Spinor bundles. Let V be a Spinc-vector bundle of dimension n. If S is a graded
*-representation of Cn then the associated bundle

SpV q :� PSpinc
n
pV q �Spinc

n
S

is called a spinor bundle. If S also has a right graded Cp-action commuting with
the left action then SpV q is p-multigraded. We designate the spinor bundles of a
Spinc-manifold M by SpMq :� SpTMq.
Example 45. The full spinor bundle SfullpV q is indeed the n-multigraded spinor
bundle induced by the full spinor representation of Cn on itself by left multiplica-
tion.

Proposition 46. Every spinor bundle SpV q is a CliffCpV q-module bundles via

CliffCpV q � PSpinc
n
pV q �Spinc

n
Cn ü SpV q � PSpinc

n
pV q �Spinc

n
S,

rp, xs � rp, vs :� rp, x � vs
In particular, every p-multigraded spinor bundle is a p-multigraded Dirac bundle.

Proof. We have seen both the isomorphism and the action in the proof of Prop.
43. �

The spinor bundle associated to an graded irreducible representation S is called
fundamental. Since every such representation restricts to the same representation
on Spincn, geometrically there is only a single fundamental spinor bundle SfundpV q.
Proposition 47. Multigraded periodicity from Sec. 6 restricts to multigraded
spinor bundles.

If V is a Spinc-vector bundle of dimension n then using the periodicity bijection we
can reduce its full spinor bundle SfullpV q in tn{2u steps to an pn mod 2q-multigraded
spinor bundle, called the reduced spinor bundle SredpV q of V . Its fibers have di-
mension 2rn{2s, hence consist of graded irreducible modules (by Cor. 12). In view
of Prop. 23 we have proven the following proposition.
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Proposition 48. Reduced spinor bundles are fundamental.

Furthermore, if dimV is even, then there is a one-to-one correspondence between
its 0-multigraded fundamental spinor bundles and full spinor bundles, and if dimV
is odd, then there is a one-to-one correspondence between its 1-multigraded funda-
mental spinor bundles and full spinor bundles.

Relations with the complexified Clifford algebra bundle. The complexified
Clifford algebra bundle CliffCpV q of a Spinc vector bundle V is not a 0-multigraded
spinor bundle but only a 0-multigraded Dirac bundle: Although we have seen that

CliffCpV q � PSpinc
n
pV q �Spinc

n
Cn

with the adjoint representation, the left action of CliffCpV q is given by left multi-
plication (see Ex. 20) and not by the adjoint representation (which would not be
graded anyway).

Still there are some useful relations between CliffCpV q and certain spinor bundles of
V , at least in the even-dimensional case. The following proposition is the obvious
analogue of Prop. 15.

Proposition 49. If V is a Spincvector bundle of even dimension then

CliffCpV q � EndpSredpV qq � SredpV qb̂S�redpV q
of 0-multigraded Dirac bundles.

Proposition 50. The grading operator Ω of the reduced spinor bundle of a Spincvector
bundle V of even dimension n � 2k is given by left multiplication with

ikE1 � � �En
where pEiq are any local oriented orthonormal frames.

Proof. It is clear from Ex. 13 the grading operator is one of �Ω. Note that �Ω
is the operator we get by using wrongly oriented orthonormal frames In the follow-
ing we will show that the grading operator indeed arises from propertly oriented
orthonormal frames.

We have seen in the proof of Prop. 43 that the bundle morphism

x ÞÑ ikE1 � � �En � x � ω P EndpSfullpV qq
is the grading morphism for the full spinor bundle.

Now let ∆2k be the standard graded irreducible representation of C2k from Ex. 13.
Prop. 23 shows that

SredpV qb̂∆2k � SfullpV q
and we conclude that the grading morphism of SredpV qb̂∆2k is given by

sb v ÞÑ Ωsb s � ω
On the other hand, this grading morphism has to be the tensor product of the
grading morphisms of the factors. But the grading morphism of ∆2k is given by
right multiplication with ω. Hence Ω is indeed the grading morphism of SredpV q. �

Proposition 51 ([PBS07, 4.12]). If V is a Spincvector bundle of even dimension
n � 2k then

CliffC
1
2
pV q � HompSred,�pV q, SredpV qq � SredpV qb̂S�red,�pV q

of 0-multigraded Dirac bundles (Sred,�pV q being trivially graded).
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Proof. Recall from Ex. 21 that CliffC
1
2
pV q consists precisely of those elements which

are invariant under σ. Together with Prop. 49 we see that their actions are precisely
those endomorphisms which are invariant under Ω. It follows that

tφ P EndpSredpV qq : φpΩsq � φpsq p@squ
�tφ P EndpSredpV qq : φ|Sred,�pV q � 0u
�HompSred,�pV q, SredpV qq

�

Dirac operators. Let us consider the case of Spinc-manifolds.

Proposition 52. Let SpMq be a p-multigraded spinor bundle on a Spinc-manifold
M . Then any choice of connection on PU1pMq yields a p-multigraded Dirac con-
nection and hence a p-multigraded Dirac operator for SpMq.
In particular, every p-multigraded spinor bundle determines a canonical K-homology
class rSpMqs P KppMq.

Proof. The Levi-Civita connection on M induces a connection on the orthonormal
frame bundle PSOn

pMq. If we also choose a connection on the principal U1-bundle
PU1pMq then we get a connection on the product bundle PSOn

pMq � PU1pMq
which we can lift onto the two-fold covering PSpinc

n
pMq. It extends trivially to

PSpinc
n
pMq � SOn. Since the left action restricted to Spincn is unitary, the connec-

tion descends to PSpinc
n
pMq �Spinc

n
SOn � PSOn

pSpMqq, i.e. to a connection ∇ on
SpMq compatible with the metric. One can verify that ∇ is compatible with the
Levi-Civita connection [LM89, Prop. 4.11]. Also, it is obvious that its holonomy
is given by left multiplication with certain elements of Spincn [LM89, p. 139]. It
follows from that latter fact that ∇ is compatible with the multigrading. Putting
these arguments together we see ∇ is a multigraded Dirac connection for SpMq.
Now we can apply the theory of Sec. 7. �

Note in particular that these Dirac operators can be twisted (in the sense of Sec.
7).

Specializing to the full spinor bundle SfullpMq of M we get the following important
result:

Corollary 53. Every n-dimensional Spinc-manifold M has a n-multigraded Dirac
operator DM (canonical up to choice of connection on PU1pMq) and hence deter-
mines a canonical K-homology class rM s P KnpMq, the fundamental K-homology
class of M .

Corollary 54. Multigraded periodicity of spinor bundles is compatible with formal
periodicity of K-homology. That is, if SpMq is a p-multigraded spinor bundle and
S1pMq its pp�2q-multigraded extension, then rS1pMqs is the image of rSpMqs under
the periodicity isomorphism KppMq Ñ Kp�2pMq.

Summary.

Spinc structure
spinor

bundle
// Dirac structure

Dirac
connection

// Dirac operator
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14. Operations

In this section we will present various ways to create new Spinc structures from
existing ones. It is instructive to see that different operations are better described
in some pictures than others. We will also analyze what happens with the associated
K-homology classes under these operations.

Restriction.

Proposition 55. Any open subset U of a Spinc-manifold M carries a canonical
Spinc-manifold structure by restriction.

Furthermore,

incl!prM sq � rU s
where incl! denotes the “wrong way”-homomorphism induced by the inclusion C0pUq �
C0pMq.

Whitney sum, Cartesian product, submanifold, boundary.

Proposition 56. Given Riemannian vector bundles V � V 1
K` V 2, a choice of

Spinc structure on two of them determines a canonical Spinc structure on the third.

Proof. The corresponding statement for orientations is clear, thus assume that we
have already oriented the third bundle such that V carries the sum orientation.
Now from

W3pV q �W3pV 1q �W3pV 2q
(which follows from the analogue statement for w2 which in turn follows from the
vanishing of w1 for orientable vector bundles) we see that if any two of the bundles
is Spinc then so is the third. Without loss of generality assume thatM is connected.

Fix arbitrary cohomologic Spinc structures a1 P H2pPSOn1
pV 1q; Zq and a2 P H2pPSOn2

pV 2q; Zq
on V 1 and V 2. The inclusion PSOn1

pV 1q � PSOn2
pV 2q � PSOn1�n2

pV 1
K` V 2q yields

a commutative diagram

0 // H2pM �M ; Zq π� //

�id

��

H2pPSOn1�n2
pV 1 � V 2q; Zq incl� //

�incl�

��

H2pSOn1�n2 ; Zq //

�incl�

��

H3pM �M ; Zq
�id

��

0 // H2pM �M ; Zq π� // H2pPSOn1
pV 1q � PSOn2

pV 2q; Zq incl� // H2pSOn1 � SOn2 ; Zq // H3pM �M ; Zq
(cf. proof of Prop. 40). Thus there is a single b P H2pPSOn1�n2

pV 1 � V 2q; Zq
corresponding to a1 � 1� 1� a2 P H2pPSOn1

pV 1q �PSOn2
pV 2q; Zq, and we can pull

back this class via the diagonal map

∆ : PSOn1�n2
pV q Ñ PSOn1�n2

pV 1 � V 2q
to a cohomologic Spinc structure a :� ∆�b P H2pPSOn1�n2

pV q.
Now we can write any Spinc structure on V 1 in the form a1 � π�V 1pc1q, likewise any
Spinc structure on V 2 in the form a2 � π�V 2pc2q and any Spinc structure on V in
the form a � π�V pc1 � c2q. It is obvious that any choice of two of c, c1 and c1 � c2

determines the third. �
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Corollary 57. The Cartesian product of two Spinc-manifolds M1 and M2 is
canonically a Spinc-manifold.

In the analytic picture, SfullpM1qb̂SfullpM2q is a full spinor bundle over M1 �M2.

Furthermore, if D1, D2 are Dirac operators for M1,M2, then D1 �D2 :� D1b̂1�
1b̂D2 is a Dirac operator for M1 �M2, and we have

rM1 �M2s � rM1s � rM2s
Corollary 58. Any submanifold with a Spinc structure on its normal bundle is
canonically a Spinc-manifold.

Corollary 59 ([HR00, 11.2.15]). The boundary of a Spinc-manifold is canonically
a Spinc-manifold.

In the geometric picture, by completing each frame with the normal vector we can
consider

PSOn�1pBMq � PU1pMq|BM � PSOnpMq � PU1pMq|BM
and restrict Spinc structure PSpinc

n
pMq|BM being a two-fold covering of the latter to

the former bundle.

In the analytic picture, consider the automorphism

u ÞÑ p�1qdeg uν � u � e1
of SfullpMq (ν being the inward pointing unit normal vector). It is even, self-adjoint,
has square one and commutes with Clifford multiplication with orthogonal vector and
the right action of the other generators of Cn. It follows that the p�1q-eigenbundle
determines a Spinc structure of BM .

Furthermore, the boundary map of K-homology is compatible with taking the bound-
ary of a Spinc-manifold:

BrM s � rBM s

Pullback.

Proposition 60. The pullback of a Spinc-vector bundle is canonically a Spinc-
vector bundle.

Proof. Let f : M Ñ N be a smooth function and let V be a Spinc-vector bundle
over N . If we equip the pullback f�V with the canonical pullback orientation and
metric then the bundle map is an orientation-preserving isometry and we have a
commutative diagram

PSpinc
n
pV q

2

��

PSOnpf�V q � f�PU1pV q //

��

PSOnpV q � PU1pV q

��

M // N

We can now pull back the two-fold cover and find a Spinc structure for f�V . �
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Lifting.

Proposition 61. The total space of a Spinc-vector bundle E over a Spinc-manifold
M has a canonical Spinc-manifold structure (unique up to concordance).

Proof. We have the following short exact sequence of vector bundles over E:

0 // π�EpEq // T pEq // π�EpTMq // 0

Choose a Riemannian metric on E such that

T pEq � π�EpEq
K` π�EpTMq

Thus we can equip T pEq with the canonical direct sum-Spinc structure.

It is also clear by convexity of the space of Riemannian metrics that different choices
of Riemannian metric lead to concordant Spinc structures. �

Opposite. The opposite of a Spinc structure on a vector bundle V is defined in
the analytic picture by negating the first multigrading operator ε1.

We denote by �V the same vector bundle equipped with the opposite Spinc struc-
ture. Similarly, if M is a Spinc-manifold then we denote by �M the same manifold
equipped with the opposite Spinc structure on its tangent bundle.

Proposition 62. The opposite Spinc structure carries the opposite orientation.

Proof. Considering the way we defined the canonical orientation of an analytic
Spinc structure (see proof of Prop. 43) this is obvious. �

Proposition 63. The opposite Spinc structure has the following representation in
the other pictures:

In the geometric picture, denote by PSOnp�V q the oppositely oriented principal
SOn-bundle of V . Using the bundle isomorphism PSOnp�V q�PU1pV q Ñ PSOnpV q�
PU1pV q (induced by multiplying with �1 the first vector of an oriented frame) we can
pull back the principal Spincn-bundle (since it is a two-fold covering of the latter).

In the cohomologic picture,

see [BD82, page after (8.5)] TODO

.

In the algebraic picture, passing to the opposite Spinc structure simply amounts to
negating the right action of e1.

15. Equivalence relations

Concordance. Two Spinc-manifolds M1, M2 over the same smooth manifold M
are concordant if R � M can be equipped with a Riemannian metric and Spinc

structure which over some nonempty open intervals Ii restrict to the canonical
product metric and Spinc structure of Ii �Mi (i � 1, 2).

Proposition 64. All operations defined in the last section are well-defined for
concordance classes.

Proposition 65. Concordant Spinc-manifolds M1,M2 have the same K-homology
class:

rM1s � rM2s
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Proof. Any orientation-preserving homeomorphism f : Ii Ñ R induces a homotopy
inverse pf � idq� for the “inclusion” C0pIiq ïÑ C0pRq. Hence the “wrong-way”
homomorphism incl! is invertible and we have

rMis � sprR�Misq � spincl!i
�1prIi �Misqq � spincl!i

�1prIi �M sqq � sprR�M sq
�
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