Mechanics*

Michael Walter®

1 Generalized coordinates

Consider a physical system of N particles which is at each
point in time fully specified by its Cartesian coordinates
M € R}, k=1,...,N,thatis, 3N parameters.

1 Definition. An m-dimensional configuration space is a
subset Q of R™ together with mappings f, : Q x R — R3
such that for each set of possible Cartesian coordinates 7
at time ¢ we can find a configuration § € @ satisfying

e = fr(@.t)
The components ¢; of §'are called generalized coordinates.
In the following we shall identify Cartesian coordinates 7
and the corresponding mappings f where appropriate.

2 Definition. The minimal dimension of configuration
space is called the number of degrees of freedom.

Clearly, we can have no more than 3N degrees of freedom.
Often, the number of degrees of freedom is less than 3N,
since the movement of particles in space is constrained in
various ways.

3 Definition. A constraint is called holonomic if it can be
expressed as

f(, ..
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for a function f € C*(R3*VN x R,R) of the Cartesian coordi-
nates and time.

A constraint is called rhenomorous if is explicitely time-
dependent, and scleronomous otherwise.

4 Theorem. Each independent holonomic constraint with
a non-vanishing partial coordinate derivative reduces the
number of degrees of freedom by one.

Proof. Without loss of generality we assume that there is a
single holonomic constraint which is expressed by

fF, . T t) =0
By assumption f is not trivial and

of

Irij

£0

everywhere for a certain coordinate r; ;. Thus the claim
follows by the Implicit Function Theorem. O

The partial derivative condition is necessary as can be
seen by inspection of the holonomic constraint xy = 0.

2 d’Alambert’s Principle

Consider a physical system of N particles with positions 77,
and L holonomic constraints.



5 Definition. An instantaneous (t = const) translation
g — T, + 07 (k:L...,N)

satisfying the constraints of the system is called virtual dis-
placement.

6 Definition. The forceﬁFﬁk acting on particle k can be split
into an external force F¢ and the internal force Fj; main-
taining the constraints:

B = Fe 4+ F

The internal force can be split further into the sum
Fi=) Fiy
=1

where each summand corresponds to a particular con-
straint 1.

7 Theorem (d’Alembert’s principle). If the internal forces
corresponding to each holonomic constraint f, = 0 act per-
pendicular to the hyperplane defined by the latter, that is,
if

- o B
Fig |l afﬁcfl(ﬁ,m,ﬁvat)

then the internal forces perform no virtual work:

N B N
Z(ﬁk—Fﬁ)-éf’k:ZF,@-afk:o

k=1 k=1
Proof. XXX O

We shall note that by its preconditions d’Alembert’s princi-
ple is unable to model friction. Also we shall keep in mind
that internal forces generally perform work (as opposed to
virtual work); consider e.g. the system of a single particle
being lifted by an elevator.

By above’s theorem, given L constraints we can choose
independent generalized coordinates ¢, ..., gsy—_r SO that
the constraints are always satisfied.

8 Definition. We define the generalized force acting on
coordinate ¢; to be

Y O
i = ﬁe_ k

The following theorem shows that this definition is a useful
generalization of the classical forces.

9 Theorem. Under the conditions of d’Alembert’s principle
and given generalized coordinates q; as stated above, the
trajectory G : [t1,t2] — R3N~L satisfies the following system
of ODEs:

dor ot _
dt 8¢;  9q;

Q: (i=1,....3N—1)

52

with the kinetic energy T := Zszl T .

Proof. By d’Alembert’s principle:

N
L= ory,

=D (P~ Fi B0, 04
k=1 - Y%
N 3N-L oF 3N-L

N k

=D P ta = Y Qidg
k=1 i=1 L i=1
3N-L / N . O

= > bk 5, @i 04
i=1 \k=1 i

By choice of coordinates the virtual displacements dg; are



independent and arbitrary, thus it follows that:

Yo Y. o
Qi=) k- a > mi, -
1 aqi 1 an
XN: d (m? aﬂk) d o7,
-y 2 - _ Tk
1 dt 8q1 dt 8q2
i d <m7.7 a?k) .. O,
= — k . 7. p—
1 df, (’9qi 8qi
_dor _or
- dt qu 6‘q1-
since 0” = P by 7, = S0 L kg + O

3 Lagrange’s Equations

10 Definition. We now explore the situation in which each
external force F' can be derived from a generalized poten-
tial U : R® — R by

Fo U
or +dt 8r

(If a potential U exists but only depends on 7, that is, if

F = 0, we say that the force F'is conservat/ve)

If generalized potentials exist for each force, we can find a
generalized potential U : R3N — R for the entire physical
system such that

=~ ou doU

Ff = —— k=1,...
k 877]9+dt87~k ( ’ ’

N)

In fact, we can choose U := Eszl Uy where Uy, is the gen-
eralized potential corresponding to particle k.

11 Definition. Given a physical system with potential U,
we define the Lagrangian as

L(T,q,t) :=T(q,q,t) — U(q,q,1t)

12 Theorem (Lagrange’s equations, type 2). Consider a
physical system with potential U and generalized coordi-
nates satisfying the conditions of theorem 9. Then the tra-

jectory G : [ti,ta] — R3N—L gsatisfies the following system
of ODEs:
d oL oL
— — = i =1,...,3N — L
dt 8% 6(],’ 0 (l ’3 )
Proof. We have
N N
S Oy oUu d oU 07
a-3q L (W a0y
kz_l M 0g; /; ory dtor,) 0g;
_i oU 97y | d OU O
ark 3% dt 8’Fk 3(12
_w 4w
dq;  dt 0¢;
Hence, by theorem 9:
dor _or _ U dou
dorT-u) 8(T U) 0
dt  0¢; oq;
and the claim follows. O

We now derive another kind of Lagrange’s equations which
can be useful (a) if it is hard to find independent generalized
coordinates, (b) if one is interested in the inner forces, (c)
in the case of non-holonomic constraints.

13 Definition. We say that a constraint

J
Z (lidqi + aodt =0

i=1



(where a; € C(R’ x R) are functions of the generalized
coordinates and time) is expressed in differential form.

14 Lemma. A holonomic constraint

fay, ...

can be expressed in differential form by

) QHL) =0

L of of ., _
e 5o dai + 5pdi =0

Proof. The latter condition is clearly necessary, but it is
also sufficient by the Fundamental Theorem of Calculus
given initial values. O

15 Theorem (Lagrange’s equation, type 1). Consider a
physical system with J generalized coordinates, L differ-
ential constraints

J
Zal,id%‘ +apdt=0 (I=1,...

i=1

7L)

and Lagrangian L. Then there exist functions \; € C(R7 x
R) of the generalized coordinates and time such that the
trajectory ¢ : [t1,t2] — R’ satisfies the following system of
ODEs:

L

:Z)\lalﬂ; (iZI,...,J)

=1

doc
dt g,

_ oL
0q;

where the right-hand side is the generalized Q' acting on
coordinate i.

Proof. By a variation on the proof of theorem 9 we find that

Z(@L daﬁ)éqio
0g;

— dt 9;

but we cannot conclude that the individual factors vanish,
since the generalized coordinates might not be indepen-
dent. The virtual displacements satisfy

J
Zalviéqi =0 (l = 1,...
i=1

(since t = const). It follows that for arbitrary \; € C(R’ x R)

we have
Z Aiagi0g; =0

doL &
:>Z (th6q+;>\lal’i> 5(]2 =0

Without loss of generality we let ¢4,...,q;_1 be indepen-
dent coordinates, thus éq1, ..., dq;_r are independent and
0qs_r11,---,qy are specified by the second-last equation.
But this means that (a;;) (= 1,...,L,i=J—-L+1,...,J)
is an invertible L x L matrix, and it follows that we can

L)

choose \; such thatfori=J — L+1,...,J we have
L
oL d oL
- — Nag; =0
00 dtaqﬁ; o,

But then we notice that

J-L L
> <qu +Y /\lal,i> 0g; =0
i=1 v l

and by the independence of ¢4, ...,
foralli=1,...,J we have

doc
dt 94

qj—r, we conclude that

L

+ Z Aag; =0
l

from which the main claim follows. We further recognize
the generalized inner forces by comparison with theorems
9and 12. O

oL _
9q;

doc
dt dg;




The \; are called Lagrange multipliers.

16 Corollary. Given holonomic constraints f; = 0 only, we
can also choose the Lagrangian

L:=L+> Nfilgit)
i,l

Then the trajectory satisfies

docL oL

dt 9¢;  Og;
and the generalized inner force Qf , (corresponding to con-
straint | acting on coordinate i) is given by \; 5 af L,

Proof. By preceding lemma we find that

d oL
il N ;
dt 04 aqz lzl o
doL oL . of
29 92 _NT
<:>dt dq; aq; ; lan
doL oL 0 &
S _ 2= _ 2N
C@on  og oy 2
Ldoc oL
dt (9(]1 8q,; o

thus follows the claim by theorem 15. The second claim
follows from the uniqueness of basis decomposition, since

3rk afi 3@

Ql % Z }71 k- Z ko= (97’k 8Qz
_ %
#3%‘

and

Lo, L
ZAla—qi =Qi=) Qi
=1 =1

4 Hamilton’s Principle

17 Definition. The functional
ta .
Sidi= [ Liato. (o).
t1

is called action.

18 Theorem (Hamilton’s principle). Consider a physical
system and generalized coordinates for which theorem 12
applies. Then the action is stationary for the actual trajec-
tory G : [t1,t2] — R3N—L the system undergoes.

Proof. By the calculus of variations, S is stationary if and
only if the Lagrange Equations of type 2 are satisfied. O

19 Corollary. Consider a physical system and general-
ized coordinates for which theorem 12 applies. Then
d’Alambert’s principle and Hamilton’s principle are equiv-
alent.

This statement makes most sense when one of both prin-
ciples is taken as an axiom.

20 Theorem. The Lagrangian is not unique. Particulary,
time derivatives of the form 2 f(g(t),t) can be added to it
without changing the trajectory.

Proof.
to .
g — /t1 L(G(1), {(t),t) + %f(ff(t)at)dt

= [ s, .o+ [ Lao.oa
=S+ f(q(ta), t2) — f(q(t1), t1)

We observe that S’ is stationary if and only if S is stationary,
which proves the claim. O



5 Conservation Laws

21 Definition. The generalized momentum (or conjugate
momentum) corresponding to the generalized coordinate
¢; given the Lagrangian L is defined as

oL
9gi

pi =

We say that a coordinate ¢; is cyclic if

oL

0q; =0

22 Theorem. Consider a physical system and generalized
coordinates for which Lagrange’s equations apply. Then g;
is cyclic if and only if the corresponding generalized mo-
mentum p; is conserved; that is:

oL
=0 <& p; =const.
9qi
Proof. The claim directly follows from theorem 12. O

If z is a Cartesian coordinate, then p, represents the cor-
responding Cartesian momentum coordinate II,,.

If 6 is an angle around an axis i, then py represents the
angular momentum coordinate corresponding to that axis,
L.

23 Definition. The Hamiltonian is defined as

3N—-L

= > pigi — LI
i=1

24 Lemma. Given the Lagrangian £ = T —U from theorem
12 and time-independent coordinates, we find that

q.q,t)

3N—L
H=T+U-— Z

8U

Proof. Since

hence
3N—-L dNL

H= ZP'L%_E—Za G — L

3N—-L
=27 - L —
i=1
by which the claim follows immediately. O

o,
94,7

If U is velocity-independent, the Hamiltonian reduces to the
total energy.

25 Theorem. Consider a physical system and generalized
coordinates for which theorem 12 applies. Then we have:
dH 0L
dt ot
and hence the Hamiltonian is conserved if and only if the

Lagrangian is not explicitely time-dependent.

Proof. By Lagrange’s equations we see that
3N—L

oL oL . oLdg\ dC
o~ 2 (aqﬂf*aq dt) b
_”Z‘L docy . OLdi) _dL
N = dt 9q; d¢; dt dt

&‘&

SNZL dH
Pigi dt ar



which shows the claim. O

26 Theorem (Noether). Let

¢ — ¢ = [i(q.q,t,€)
tt = fold.q,t,€)

be a coordinate transformation parametrized by e such that
fileg=0)=q;, folp=0)=t. If

LG, q" t)dt = L(7,d,t)dt + edF + O(e?)
for a function F'(g,t), then the Noether charge

3N—-L

ofi 0
Q;pia‘i f

- H—=— - F
Oe

is conserved.

Proof. XXX O

27 Example (Homogeneity of time). If Noether’'s theorem
applies to t — t + ¢, then the Hamiltonian H is conserved.

28 Example (Homogeneity of space). If Noether’'s theorem
applies to 7 — 7+ e€;, then the ith Cartesian momentum
coordinate is conserved.

29 Example (Isotropy of space). If Noether’s theorem ap-
plies to
7= 7+ € (7 X 7)

(Ilnll = 1)

then the angular momentum coordinate corresponding to 7
is conserved.

30 Example (Galilei transformation). Consider a system of
N particles transformed by the same Galilei transformation

P et (o] =1,k=1,...,N)

Given the potential only depends on relative distances be-
tween particles, that is if

N
mg -p - -
EZ — T — U(’I‘ka’l)
§ 9 'k §
k=1 k#l =const

we find that
L(Fy 4 €0, 7, + €0, 1)
. N .
=L (%, T, t) + € > myy - T+ O(e?)
k=1
hence we can apply Noether’s theorem with

N
F = E mka-ﬁzM’Fs'ﬁ
k=1

resulting in the conserved quantity
N
oL
Q=) —-it— Mis-

k=1 9Tk

St

:ZﬁikﬂthFSﬁ
k

N
=1
(ﬁt _ MFS) 7

where r, is the center of mass and P is the total momentum
of the system (see next chapter).

6 Rigid Bodies

31 Definition. A rigid body is a body that does not change
over time; that is, for points 7, ¥, we demand that

[|7% — 71]| = const.



32 Definition. The center of mass is defined as

N
FSIZZ E 7nkfk
k=1

33 Theorem. Let O be an arbitrary point attached to the
rigid body. Then the motion of each particle of a rigid body
is composed of a translation and and a rotation around O,
that is:

;} Ziﬁb + J x fz
where 7, is the kth particle’s position in the inertial system,
Uo is the velocity of the origin in the inertial system and 7,
is the patrticle’s position relative to the origin.

Proof. This is a consequence of Euler’s theorem. O

Note that the origin can be chosen arbitrarly, as long as it
is attached to the rigid body.

34 Theorem. In a coordinate system attached to the rigid
body we can relate angular momentum and angular veloc-
ity as follows:

L=63

where © is the inertia tensor defined by
N
5= my (T — ThiTk,5)
k=1

Proof. Since the given coordinate system is attached to
the rigid body, the particles are solely rotating around the
frame’s origin:

=
Il
&
X
=l

we have

=
Il
[~]=
3
>
b
&
|
;1
.
;1
T
N

j=1k=1
N
) -
= > m (P00 gws — i jws)
Jj=1k=1
3 N
9 oo
=D (7605 — i) | wj
=1 \k=1

from which we recognize matrix multiplication with ©. O

We note that both L and © depend on the choice of origin.
We also appreciate that the preceding theorem parallels
the familiar relationship Ii = m@ between momentum and
and velocity.

35 Definition. We define the moment of inertia about an
axis 7 (||7i]] = 1) to be

On =il on

36 Theorem. O js orthogonally diagonalizable; that is,
there exists an O € O(3) such that

S
oTeo = (S
O3



The eigenvalues ©; are called principal moments of inertia,
the corresponding coordinate axes (that is, the columns of
0O) are called principal axes.

Proof. This follows from a basic theorem in linear algebra.
O

37 Theorem. Given a point O attached to the rigid body,
the total kinetic energy of the rigid body is

M 1

where vp is the velocity of the origin, and the center of
mass g, © and & are taken in a coordinate system with
origin O.

Proof. By theorem 33 we have

2

-,

by @- (b x & =¢- (@ x b) and theorem 34. O

We note the analogy between Tyqns =
and T.,; = %*TL = %wT@w.

38 Corollary. If a rigid body is fixed at a given point O, we
have

1
T=_-3"es
2 w w
where ©, & are taken in a coordinate system with origin O.

Proof. We apply the theorem and note that 7o = 0. O
39 Corollary.

M - 1
where ©, & are taken in a coordinate system with the center
of mass as the origin.

Proof. We apply the theorem and note that 5 = 0 in the
given coordinate system. O

By theorem 36 and the corollaries we can often find a sim-
ple kinetic energy term. We state the following theorem
without proof:



40 Theorem. By taking the limit N — oo we arrive at 42 Theorem (Euler’'s equations). In a coordinate system
where the inertia tensor is diagonal the angular velocity sat-

T = / p(7)7.dV isfies the following system of ODEs:
14
i = / p(7) (70ij —rir;) AV 1601 1 (03 = ) wyws = My
v O2we + (01 — O3) wiws = My
for a continous mass distribution with density p. B33 + (02 — ©1) wiws = M

41 Theorem (Steiner). If O ¢ is the moment of inertia about .
a given axis 7i (||i|| = 1) through the center of mass, then ~ where M is the torque.

Of = @S;ﬁ + Ma?

Proof. Since

is the moment of inertia about any parallel axis with dis- d d
tance a. Bl =

dt|zne¢tzal dt|b0dy + wX
Proof. By the preceding theorem, the inertia tensor with we conclude that
respect to a coordinate system with the center of mass as
the origin is given by M = dﬁ (03) + & x (0&)

t
@S;i,j :/ p(,':') (FQ(Si,j — ’I“,‘?”j) dv ]
\%4

and with respect to a coordinate system translated into a
point with coordinates b by

@’iyj
= [ o) (7= 581~ s = by ~ b)) v
;
—Os.i, + / p(7) (P51 = biby ) AV
\%

=0Og.,;+ M (5251‘,]‘ — bibj)

6.1 Spinning Tops
43 Definition. A rotating rigid body is called a spinning top.
44 Lemma. For constant rotational energy, the equation

1 .roo

5 T@W =Trot
describes an ellipsoid in angular velocity space, called the
since the linear terms vanish by choice of the center of jnertia ellipsoid.

mass as the origin. Hence it follows that
45 Definition. A spinning top with two identical principal

O7 =i" O =i’ Ogii + Mii" (52-’ - W) 7 moments of inertia is called a symmetrical top. If all three
N principal moments of inertia are equal, it is called a spheri-

=T Qg+ M (5"2 - (b : ﬁ) ) cal top.
=a? Given a symmetrical top with ©; = 0, = O, the inertia

O ellipsoid is oblate if ©3 < © and prolate if ©3 > O.

10



46 Theorem. Consider a spinning top without external which we plug into the second of Euler’'s equations resulting
forces. Then rotation around a principal axis is stable if in

and only if either the spinning top is spherical or the corre-
sponding principal moment of inertia is the (strictly) largest
or smallest.

If it is stable, then small perturbation leads to precession
aboud the stable solution, that is, the axis of rotation moves
around the principal axis.

Proof. Without loss of generality we consider a rotation
around the 3rd principal axis. Clearly

W= ( ) = const.

is a solution of Euler’s equations (M = 0!). After small
perturbation the angular velocity changes to

:( ) w1, ws K w3

Euler’s equations are
Oiw; + (@3 — @2)W2W3 =0
@2&)2 + (@1 - @3)&)10)3 =0
Osws3 + (@2 — @1)w1w2 =0

& oo

w1
o)
w3

&

and clearly the solution is stable in case of a spherical top.
Otherwise, we see by substituting into the third equation
that
by = O(2M2
w3
Thus w3 is constant to order ”;—f! By this approximation

O O

0 — O3 w3

0; W

O2 — O3 w3

w2

11

(01 —03)(02 —03) ,
0,6, 3
By consideration of the solution space of this linear equa-
tion we conclude that w; oscillates around 0 if and only if
@1 — @3)(@2 — @3) >0
<:>®3 > @1,@2 or @3 < @1,@2

(and otherwise diverges). By symmetry, the same condition
applies ws, Thus the claim follows. O

w1:0

w1 +

47 Theorem. Given a symmetrical top, rotations are al-
ways stable and lead to precession about the axis of sym-
metry.

Proof. Euler's equations for a symmetrical top with ©;
O, = O are given by
O + (03 — O)wows =0
Owy + (0 — O3)wiwsz =0
Ozw3 =0

Hence ws = const. By setting w := wy + iws We can unify
the first two ODEs into

W+ — 3w3iw =0
d _

= il = s @u)g,’idt
w ]

The solution of this ODE is
w = Cexp(iQt)

93-0

with Q := w3 € R. Thus w moves on a circle around
the origin, resulting in uniform rotation of the axis of rotation
around the axis of symmetry of the spinning top. O

48 Definition. If after small perturbation the axis of rotation
precesses around an axis, the “nodding” of the former with
regards to the latter is called nutation.



6.2 Euler Angles

49 Theorem (Euler Angles). Every rotation O € SO(3) can
be represented by the composition of three 2D rotation ma-
trices as in

cos(p) —sin(p) 0
O = |sin(p) cos(p) O
0 0 1
1 0 0
0 cos(f) — sin(@))
0 sin(d) cos(9)
cos(p) —sin(yp) 0
sin(¢p)  cos(¢) 0
0 0 1
=:0,0¢0y

The angles ¢, 0, v are the Euler angles corresponding to
that rotation.

If we use Euler angles to specify the orientation of a rigid
body, O specifies the transformation from body-fixed to in-
ertial axes. We call o the precession angle and 0 the nuta-
tion angle. ¢ specifies the rotation around the rigid body’s
z-axis.

Proof. This is a basic theorem in linear algebra. O

50 Theorem. If we use Euler angles to specify the orien-
tation of a rigid body, then we can express angular velocity
in the thus defined coordinate system by

sin(¢) sin(6#)¢ + cos(¢)¢
& = | cos(¢) sin(6)¢ — sin(¢)¢
cos(0)¢ + ¢

Proof. 1 rotates around the rigid body’s z-axis, hence

()

Ww:

0 rotates around the intermediate z-axis given by
1
0¢og(8),so

(1) ) (608(1/)) ) _
wg =0y [0]6=|—sin(y) |0
0 0

Finally, ¢ rotates around the inertial z-axis, thus

0 0
w, =0T (0) ¢ =0, (sm(e)) @
1 cos(6)
sin(v)) sin(6)
= | cos(¢)) sin(0) | ¢
cos(0)

Angular velocity is a (pseudo) vector, thus we can add up
the individual projections and the claim follows. O

7 Hamiltonian Mechanics

51 Definition. The Hamiltonian is defined as
3N—L

Hp.qt) =Y pidi — L(Gq.1)
=1
i.e. as a function of the canonical coordinates p, q, t.

Contrast this definition and the one in chapter 4 which un-
fortunately differs.

Since the Hamiltonian just defined is a function of the
canonical coordinates, we need to express the right-hand
side in terms of these.

52 Theorem (Hamilton’s equations). Lagrange’s equations
are equivalent to Hamilton’s equations:

. 9H . 9H
ql_api7 pl 8(]1

12



Furthermore we have

OH __ oL _dH
ot ot dt
Proof. By using p; = o 9L and Lagrange’s equation we find
that
3N—-L
oL oL
H = dzz id'i—idi_i.d.i
Lz; Digi + piag aqiq 8qiq
oL
— —dt
ot
3N—-L
oL
d 14 — qi — —dt
Z Didi ot
3N—L
d oL oL
= dpigi — dg; — ——dt
; pid (dta ) ot
3N—-L
= didpi —puda; — Lt
P ot
On the other hand we have
3N— L
H OH
d i d i —dt
dH = Z p; + ¢ + 5

thus follow the claims by partial differentiation and consid-
eration of theorem 25. O

53 Example (Central potential). We recall that motion in
a central potential happens in a plane, thus we use polar
coordinates r, . We recall that

L=— 5 (7“ Jrr(p) U(r)
The conjugate momenta are
oL .
pr= Br =mr
oL
Pe =55 = = mrp

13

It follows that the Hamiltonian is given by
H =p,7 +pyop — L
:% (2 +123%) + U(r)
2

_br
2m

P}
2mr?2

(which could have also been calculated using the lemma in
chapter 5). Thus Hamilton’s equations are given by

0H

+U(r)

- _br
dpr m
OH Do
2 87 2
p, mr
, OH  p} ,
br ==y = s U )
. OH
p = = =
¥ 8@

We notice that both H and p, = L. are conserved.

8 Small oscillations

54 Theorem. Given a physical system with Hamiltonian
H T + U, time-independent potential and J time-
independent coordinates.

Then sufficiently small perturbations around local potential
minima result in small harmonic oscillations, so-called nor-
mal modes.

Proof. Without loss of generality assume that the potential
has a local minimum U,,;, = 0 for ¢ = 0. Thus the Taylor
expansion is given by

*Z |q 0 9i9; +O(qk)

=i



(Linear terms vanish since we are expanding around the
local minimum!) The kinetic energy is quadratic in ¢;, hence
quadratic in p; = g—g, hence

1 -
T= 3 ; i iDiDj

In general, the t}J are functions of the generalized coordi-
nates. We expand

tij =tij;+O(qr)

1
=T=3 > tipip; + Olakpip;)

i.j
and assuming that both generalized coordinates and mo-
menta are small we neglect higher-order terms resulting in
1
H=T+U=3 Z (tijpipj + i j9:q;)
4.3
By Hamilton’s equations:
. OH 1
pi =— === uk (6540 + ¢j0ki)
aqi 2 ik

== uig
J
Gi=...= Y ti;p;
J

hence
Gi = Ztu.ﬂﬁj = - Ztmuj,;ch
J Jik

With the matrices 7" := (ti,j» U == (u;,;) an equivalent ODE
is given by

¢=-T0q

We attempt ¢(t) := o exp(Fiwt) which leads to
(70 - w?1,) g =0

“Physical” solutions of this equation require that all eigen-
values w? be real and positive. Thus we consider the eigen-
value problem

TUG; = \id;
Since T = 15717 is positive definite we find that 7 is or-
thogonally diagonalizable with positive eigenvalues:
OTTO = diag(ty, ... tn)

Consequently,
VT = O diag(Vi1, ..., V)

2 . .
is positive definite with VT = T. We define U/ =

\/EU\FT and a; =: \/fa;, and the eigenvalue problem
reduces to

Sl ) 1
U'a; = \ia;
But clearly U/ is symmetric, thus all eigenvalues \; are real!

And since U is positive definite by the minimum condition it
follows that

0<a'Ua=a"u'a
foralld = ﬁ&’, hence U’ is positive definite and all eigen-
values are positive, i.e. 0 < w? € R.

We eventually note that solution have the form ¢(t) =
do sin(wt + ), thus

p=-Vi=-Vq sin(wt + @)
I . "
=p = quo cos(wt + @) =: Py cos(wt + )

which is in agreement to our initial assumptation that small
perturbations correspond to small generalized momenta
(unless frequencies becomes too large!). O
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9 Phase space

It follows from Hamilton’s equations that, at any point in
time, a physical system with J degrees of freedom is fully
specified by J generalized coordinates and momenta.

55 Definition. We can interprete a configuration
(p1---pyaqi--. qJ)T as vectors in phase space R?”.

56 Lemma. Given the configuration att = t,, the system’s
trajectory in phase space is determined for all time.

Hence, two trajectories in phase space cannot cross or
touch.

57 Example (Harmonic Oscillator). Consider the harmonic
oscillator with a single degree of freedom given by

m m
L=t 022

27 2
2
= H :1 (p + mw2q2)
2 \m
The solution of Hamilton’s equations with initial conditions
p(0) = po, q(0) = qo is given by
p(t)
q(t)

This describes a circle in phase space.

=pg cos(wt) — mwqy sin(wt)

Po .
= t)+ — t
qo cos(wt) - sin(wt)

In what follows we give an exposure to statistical mechan-
ics, the goal of which is to relate macroscopic quanti-
ties such as energy, pressure and volume to microscopic
physics given by the Hamiltonian.

58 Definition. Consider a large number of physical sys-
tems with J degrees of freedom each. Then we define a
density p(p, ¢, t) called phase space distribution such that

dn = p(p, . t)dw

where dn is the number of systems per phase space vol-
ume elemnt dw := dpdq = dp; . ..dpsdq; . . . dqy.

59 Theorem (Liouville).

Proof. We first define

Q7)

Consider a fixed phase space volume element w. Since
particles leaving w must do so through the surface dw, we
find that

7= (pr...Psdr- ..

dw 0 Yo = ,
= at/pdw /(%pv-ndS—/wV-(pv)dw
by Gauss’ theorem (with V = (8%1 ... %) w was chosen

arbitrarily, thus the integrands are related by

0 .
* 50 m (pgi)

Op;
Opi P

9qi
9q; r

7‘(17: +

L oH L 2H
3pz'5’qz‘p 3Qi3pip

Hence,

O

60 Definition. If p = const. in phase space then we say
that the physical system is in statistical equilibrium (or ther-
modynamic equilibrium).

15



op __
dq;

That is, a system is in statistical equilibrium if 22 —
0. /

The following examples shows that 8” can be controlled on
a macroscopic level.

61 Example. We imagine a volume of gas consisting of
non-interacting particles. By compression we reduce dg;.
Thus, from Liouville’s Theorem it follows that dp; and thus
p? are increased, i.e. the gas is heating up.

10 Canonical transformations

62 Definition. A canonical transformation

7,q— P,Q
is a transformation of the canonical coordinates that pre-
serves the form Hamilton’s equations; that is, we have

L= ZquZ_H ZPQZ K_|_7

=:L'
with new Hamiltonian K and new Langrangian L'.
called generating function of the transformation.

Fis

The main motivation behind canonical transformations is
(a) to simplify the Hamiltonian and (b) to introduce addi-
tional cyclic coordinates.

63 Theorem. The new Lagrangian L' results in identical
trajectories.

Proof. We have

t2 bz dF
S:/ Ldt:/ L'+ —adt
: " dt

1 1

N / " Vit + F(t) - Flo)

t1

=S+ F(t2) — F(t1)

thus the old action is stationary if and only if the new action
is stationary. O

64 Theorem. The following generating functions define

canonical transformations if

(1) Fi(q,@.t): p=90, p=-2
@) R(q,P1): pi=9%2, Q=9
(3) F5(5.Q,t): ¢ = ~9B p = 8%
(4) B Pt): qi=-35, Q=25

Proof. We only prove the statement for the first generating
function: by the calculation

Zpiliqz -
. 8F1 . 3F1 aFl
=3 RG- K+Z< L+ Q> on
and comparison of “coefficients” we conclude that the given

conditions are sufficient. O

65 Example (Swapping momenta and coordinates). By

theorem 64 the type 1 generating function

F1(3,Q) : Z 4 Qi
leads to
z_aFleia [ aFl__z
0q; 0Q;
that is
Di — Qia q; — Pl

16



66 Example (Point transformatations). The type 2 gener- A Example: Electromagnetic field
ating function

Consider a single particle with charge ¢ situated in an elec-
tric field £ and magnetic field B. We state the following two
theorems without proof:

Fy(q,P) == filai,t) P

leads to
69 Theorem (Maxwell's Equations). The electromagnetic
aF . . .
— figt), K=H+ atg field satisfies

R

Qi= op,

We call transformations of generalized coordinate point

transformations. (4)V-B=0
See appendix C for a more involved example. 70 Theorem. 1. IfV-X =0, we can find an'Y such that
X=VxY.

. 2. IfV x X =0, find anY such that X = VY.
11 Poisson brackets VX we can find an Y such tha

71 Theorem. We can find a magnetic vector potential A

67 Definition. The Poisson bracket of w(j,q,t) and &Ndanelectric potential ¢ such that

v(p, ¢, t) is defined by 04

B=VxA and E+ = =-V®
ou v ou Ov ot
ol =32 550 ~ Bpr 70
—~ \ 0g; Op;  Op; Ig; . _ .
v Proof. The first claim follows from Maxwell’s 4th equation
68 Lemma. [-, ] is a bilinear operator and has the following and the preceding theorem.
properties: By Maxwell's 2nd equation we notice
(1) Itis invariant with respect to canonical transformations . . 0B
L B R 0=VxFE+ ——
p,q— P,Q. ot
(2) [u,v] = —[v, u] % x <E 4 ‘Z;j)
(3) lai,q5] = [pi,p;] =0, [qi,ps] = dij
and apply the preceding theorem. O
(4) lg: F) = 25 bRy The preceding

oF 72 Theorem. The charge’s movement in the electromag-
(5) [pi, Fl =~ daq; netic field is described by the Lagrangian

To be continued. L=Tqb+gA-7
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Proof. By Lorentz and the preceding theorem:

Fe —q (B +7x B)

- 0A . o
—q (—V@— ST (v x A))
From the GraBmann identity it follows that

7 % (6><A’):ﬁ(?-/i’>f<?ﬁ)ﬁ

3 —

:6(?.j)_ﬂ+a;‘f

and we arrive at

Fe—q (%N(f.z)f;‘)

=q (—ﬁ(é—ff F)—if)
oU d oU
=T Tdtor

with the generalized potential
U=q®—qgA -7
Hence the claim follows.

73 Corollary. The Hamiltonian is given by

1 . N2
=g (7= ad) +ao
Proof. By the theorem we have

AC:%’IT’?—Q(I)—‘F(]X-?%

Hence the conjucated momenta are given by

ﬁ:a—ﬁ.—mf—kqg
or

and we follow that

H =pi'— L = T + q®
1 N2
=— (ﬁqu) +q®
2m

The fact that accounting for the magnet field leads to a
modified momentum term in the Hamiltonian is known as
the principle of minimal coupling. O

B Example: Particle on a rotating
wire

Consider a particle (e.g. a pearl) situated on a wire rotating
around the origin with w = const. We employ two Cartesian
coordinates = and y. Realizing that there is just a single
degree of freedom we notice that

x = cos(wt) and y = sin(wt)
from which find the following holomorphic constraint:
ycos(wt) — rsin(wt) =0
By the corollary to theorem 15 we arrive at the Lagrangian
L= % (#2 + 52) + A (y cos(wt) — z sin(wt))

which leads to the following ODEs:

doL oL . .

5 Ba = md + Asin(wt) =0
doL oL .

T T my — Acos(wt) =0

18



We eliminate \:

__mp

~ cos(wt)
=i+ gtan(wt) =0

From the constraint follows

y = x tan(wt)
2w
cos?(wt)

~2w? tan(wt)

=y = Ztan(wt) + &
Y (wt) + cos?(wt)

which we plug into the former differential equation leading
to:

# + 2w tan(wt)i + 2w? tan?(wt)z = 0

from which we can determine the trajectory (3 ).

C Example: Canonical transforma-
tion of the harmonic oscillator

Consider the harmonic oscillator with a single degree of
freedom whose Hamiltonian is given by

2
(p + mw2q2>
m
(see example in chapter 9). By theorem 64 the type 1 gen-
erating function

1
H==:
2

Fi(q.Q) = g’ cot(Q)

leads to
= 587];1 = mwq cot(Q)
oF, mwq?

P =

S 0Q 2 sin?(Q)

19

We express p, g purely in terms of P, Q

=4/ i—i sin(Q)
=p = V2mwP cos(Q)

and a quick calculation reveals that the new Hamiltonian is
given by

K =H =wPcos2(Q) + wPsin2(Q) = wP
We notice that K is cyclic in @, hence P is conserved and
we have

H
P=—
w

oK
=w

Q=

oP

Thus the motion of the harmonic oscillator is given by

3

Qt) =wl+¢

2P
— sin(wt + )
mw

=q(t)
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